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The game

▶ An = symmetric group on n elements

▶ π ∈ An is a derangement
def⇐⇒ π(i) ̸= i ∀i

▶ Example: (1, 2, 3)(4, 5)(6, 7, 8)

Elise, Tara, Anastasia, and Kaelyn pick π ∈ An uniformly at
random to describe who gives which talks. What is the probability
no one gives their own talk?



#{derangements in An} can be found using inclusion-exclusion.

The number of permutations with at least i-many fixed points is
(n − i)!, by picking a permutation of the remaining points which
aren’t fixed.

Thus, the number of derangements is

D(n)
def
=

n∑
i=1

(
n

i

)
(−1)n−i i !



D(n) is the nearest integer to n!/e



WHY?!?

D(n) is an approximation of n!e−1 to order n.

We’ll show the error

∣∣∣∣n!e − D(n)

∣∣∣∣ < 1

2
.



Let ex =
∑
i≥0

x i

i !
. Then

ex = Tn(x) + Rn(x)

where Tn is a Taylor polynomial of order n and Rn is the error.
Thus,

D(n) = n!Tn(−1).

The alternating series remainder estimate tells us that

|Rn(−1)| ≤ 1

(n + 1)!
.



We have

n!

e
= n! (Tn(−1) + Rn(−1)) = D(n) + n!Rn(−1)

so ∣∣∣∣n!e − D(n)

∣∣∣∣ = n! |Rn(−1)|

≤ n!
1

(n + 1)!

=
1

n + 1

≤ 1

2



The probability no one gives their own talk is

[n!/e]

n!

where [n!/e] means round to the nearest integer. For example:

[8!/e]

8!
=

14833

40320
≈ 0.3678

As n → ∞, we have P(π ∈ An is a derangement) → 1
e .



In conclusion

How hard is it to organize a white elephant?

Kinda hard.
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