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Main problem: find a linear basis for a quotient ring.

A basis for a vector space is a set of
e linearly independent vectors,

e that span
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» Example
C = R? as a vector space with basis {1, i}.
iR

z=a-+ bi

A

Wrinkle: C has a multiplication that is not coordinatewise.
Fix: construct C as a quotient ring.
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One special number in a ring is 0.

0 is like a black hole for multiplication.

But it is not the only black hole:
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R[x] is a vector space, with basis {1, x,x*,x%,x*, .. .}.

A basis for C from a basis for R[x]?

1—1
X—> i
XX = —1
X3 — —i
1

X =i

Only get {1,/,—1, —i}. Remove dependencies to get {1, i}.
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A general mathematical game we can play: take a quotient ring
that also has the structure of a vector space, and find a basis
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Consider polynomials in several variables:
S= [R[Xl,XQ, ... ,Xn]
Some polynomials are “symmetric":

X1X9 + X1X3 + XoX3 — XoX1 + XoX3 + X1X3
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Two famous bases for R,:
e the “Artin staircase basis” and
e the “Schubert polynomials™.
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» Example

The Artin basis for Rs is given by “substaircase monomials™:

X X X
Il = X Xo = X X3 = X
S BE < [
X X X
XoX3 = X X?)) = X | ® X2X§ = X | e
X [ ] [ ] X [ ] | X (] o
Proof idea: similar to C. Rewrite x; = —x — x3 so we can rewrite

x1 in terms of others. Similarly, rewrite x% etc.
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Main problem: find a basis for the superspace coinvariant ring

[15/38]



Finding linear bases Superspace and Sagan-Swanson Free arrangements and Solomon-Terao algebras
0000000000000 008000000000 0000000000000

Polynomials with variables: xi,...,x, and 61,...,0,.

e x; variables commute with everything.

e 0 variables “anti-commute":

0,0 = —0;6;
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) can have polynomials that are symmetric too.

[17/38]



Finding linear bases Superspace and Sagan-Swanson Free arrangements and Solomon-Terao algebras
0000000000000 000080000000 0000000000000

[18/38]



Finding linear bases Superspace and Sagan-Swanson Free arrangements and Solomon-Terao algebras
0000000000000 000008000000 0000000000000

Symmetric functions <— representation theory of &,,.

A common game: combinatorially describe a symmetric function
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Final boss: representation theoretic justification

Conjecture [Zab19]: generalization of SR, justifies Delta
Conjecture.

Three variables is harder than two: Sagan and Swanson study SR,.

[SS24] want combinatorial descriptions of the dimensions of SR),.
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{2} =

HE
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» Example

J= {3}
03 X203 x303 xox303
x | x x | x x | x x | x
X X | ® X ° X | ® )
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What remains? Linear independence!
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Main problem: Show B is linearly independent, thus SR, basis.
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O
X5
O O
X4 X1 — X5
O [ J [ J
X3 X1 — X4 X2 — X5
[ [ J [ O
X2 X1 — X3 X2 — X4 X3 — X5
o ([ J ([ J O
X1 — X9 X9 — X3 X3 — X4 X4 — Xp
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NOT southwest in general
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Basis for Der(.A) for southwest A C A

D
Monomial basis for ST1(.A)

4
Injection S/I; — ST1(A)

4

J-staircase M, is linearly independent

4

B is a basis
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» Future directions

e Where do other ST 4(.A) show up?
e Is there a space X such that H*(X) = ST 4(A)?
e "What about type-B"7

e |s there a Schubert-polynomial basis? Numerics are OK!
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THANK YOU!
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